Topologically massive Yang-Mills theory is studied in the framework of geometric quantization. Since this theory has a mass gap proportional to the topological mass m, Yang-Mills contribution decays exponentially at very large distances compared to 1/m, leaving a pure Chern-Simons theory with level number k. In this paper, the near Chern-Simons limit is studied where the distance is large enough to give an almost topological theory, with a small contribution from the Yang-Mills term. It is shown that this almost topological theory consists of two copies of Chern-Simons with level number k/2, very similar to the Chern-Simons splitting of topologically massive AdS gravity. One of the two split Chern-Simons pieces is associated with Wilson loops while the other with 't Hooft loops. As m approaches to infinity, the split parts add up to give the original Chern-Simons term with level k. Also, reduction of the phase space is discussed in this limit. Finally, a relation between the observables of topologically massive Yang-Mills theory and Chern-Simons theory is shown. This allows one to use skein relations to calculate topologically massive Yang-Mills theory observables in the near Chern-Simons limit.
Introduction
Chern-Simons(CS) theory has been extensively studied and is a very important part of mathematical physics, mostly because of its connection with the link invariants of knot theory. This was first demonstrated by Witten [1] using 2D conformal field theories related to CS theory. Witten showed that Wilson loop expectation values(WLEV) of CS theory are given by link invariant polynomials which can be recursively calculated from skein relations. Later, Cotta-Ramusino et al. [2] derived skein relations for CS theory using only 3D field theory techniques. No matter what method is used, one crucial requirement for relating WLEV to link invariants is that the action must be metric free. Thus, it is not possible to do this with a Yang-Mills(YM) action. The main goal of this paper is to find out how CS link invariants are modified with the presence of a YM term at large but finite distances, where the metric contribution is very small, hence the theory is almost topological.
It is well known that adding a CS term to YM action in 2+1 dimensions gives mass to gauge bosons [3] . A considerable amount of work on topologically massive Yang-Mills(TMYM) theory was done by Deser, Jackiw and Templeton [4] [5] [6] in the early 80s and some of the later work can be found in refs. [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . Despite TMYM theory is more complicated than CS theory, there are surprising similarities between these theories, partly because conjugate momenta of both theories are given by gauge fields. An interesting example that shows the similarity of these two theories is the classical equivalence, first observed by Lemes et al [17, 18] . This equivalence shows that classically it is possible to write the TMYM action as a pure CS action via a non-linear redefinition of the gauge fields. The Jacobian of this redefinition is 1 up to first order in the inverse topological mass expansion. Thus, at least for a large topological mass, one would expect that it might be possible to extend this equivalence to quantum level, but we will show that phase space geometry does not allow this. Instead, we will obtain a more complicated equivalence between the observables of both theories at large but finite distances.
Since pure Yang-Mills theory in 2+1 dimensions has a mass gap, the theory is trivial at very large distances. However, in TMYM theory that is not the case. The mass gap of this theory is proportional to the topological mass m. Studying large values of topological mass is equivalent to scaling up the metric or looking at large distances. In this paper, we study the theory at large but finite distances by neglecting the second and higher order terms in 1/m, while keeping the first. This leads to an almost topological theory with a small contribution from YM, which allows us to write TMYM observables in terms of WLEVs of CS theory. This means that, not only in the pure CS limit but also in the near CS limit, one only needs skein relations to calculate TMYM observables.
To show how the observables of two theories are related, we will start by reviewing Bos and Nair's work [19] on geometric quantization of CS theory in section 2. In section 3, we will briefly discuss the Wilson loops of CS theory. In section 4, we will use similar methods on TMYM theory to find the wave functional and the gauge invariant integral measure. section 5 is a short discussion on topologically massive AdS gravity, which exhibits an interesting behavior analogous to our result. Then in section 6, we discuss the link invariants of TMYM theory.
Chern-Simons Theory
In this section, we would like to review the geometric quantization of non-Abelian CS theory, following Bos and Nair's work [19, 20] 1 . Later, we will do a similar analysis on TMYM theory. The CS action is given by
where Σ is an orientable two dimensional surface. This action is classically not gauge invariant, but in the quantum theory it can be made gauge invariant by restricting k to be an integer. The equations of motion for this theory are (A 1 − iA 2 ), the CS action becomes
3)
The equations of motion in this gauge makes A z and Az time independent along with constraining F zz = 0. A very important feature is that the conjugate momenta are given by the gauge fields,
Later, we will see a similar behavior in TMYM theory which is crucial for our work. The symplectic two-form of CS theory is given by
In simply connected spaces it is possible to parametrize the gauge fields as
Here U is a complex SL(N,C) matrix which transforms like U g = gU where g ∈ G and G is the gauge group. We will continue with taking G = SU (N ). U is given by
where A z satisfies ∂ z Az − ∂zA z + [A z , Az] = 0 and this flatness condition makes U invariant under small deformations of the path C on Σ. From (2.7), it follows that
The Wave-Functional
We choose the Kähler polarization which makes the quantum wave-functional ψ only Az dependent. The pre-quantum and quantum wave-functionals are related by
z is the Kähler potential. Since the phase space is Kähler, the pre-quantum inner product can be retained at the quantum level [20] 2 . as,
where dµ(M) is the Liouville measure defined by the symplectic two-form. 2 A detailed discussion on geometric quantization can be found in ref. [22] Upon quantization we can write,
If no charges are present, the wave-functional must satisfy the constraint F zz ψ[Az] = 0 which is the Gauss' law of CS theory. We then make an infinitesimal gauge transformation on the wavefunctional ψ with parameter ,
Then applying the Gauss' Law constraint
This condition is solved by writing [23, 24] 
where S W ZW (U ) is the Wess-Zumino-Witten action, given by
In general, the wave-functional in (2.13) can have a gauge invariant factor χ which can be found by solving the Schrodinger's equation Hψ = Eψ. But since the CS Hamiltonian for ground state is zero in the temporal gauge, we take χ = 1. Generally for these type of gauge theories, the wavefunctional is in the form ψ = φχ where φ is the part that satisfies the Gauss' law constraint and χ is the part that satisfies the Schrodinger's equation. χ is where the scale dependence is hidden. For a topological theory like CS, a constant χ is expected.
The Measure
Using the symplectic two-form of CS theory (2.5) we can write the metric on A , the space of gauge potentials [25] as
(2.15)
Volumes of these two spaces are related by
This measure is not gauge invariant. To make it invariant, we need to define a new matrix H = U † U which is an element of the coset SL(N, C)/SU (N ). Now, we can write
The determinant is
where c A is the quadratic Casimir in the adjoint representation given by c A δ ab = f amn f bmn . As shown in ref. [20] , point splitting regularization is used in this calculation. Also, in order to have gauge invariance, addition of a local counter term is necessary, which completes the PolyakovWiegmann(PW) [23, 24] identity in the exponential. The addition of the local counter term is equivalent to changing the regularization. Now that we have the measure and the wave functional, we can write the inner product
Once again using PW identity we get.
Then the inner product becomes
If the space is not simply connected, the parametrization we used in (2.6) needs modification. On a torus, as discussed in refs. [19, 20] , the correct parametrization is
where τ is the modular parameter of the torus and a is a constant gauge field. The new term can be absorbed in a matrix as V = U exp[iπ(Im τ ) −1 (z −z)a] and then Az can be once again parametrized in the form −∂zV V −1 . But this gives rise to a new factor in the wave-functional which depends on a. Now the wave-functional is
(2.24)
Finding this new factor is not straightforward and we will not review its calculation here, but the result can be found in ref. [19] .
Wilson Loops in CS Theory
The Wilson loop operator for representation R and path C is given by
As shown in ref. [1] , in CS theory, the expectation value of this operator can be calculated directly from skein relations without any field theory calculation. Up to some approximation, a generalized skein relation can be obtained [2] from WLEVs as
where
and the knot diagrams are shown in Figure 1 .
In the temporal gauge with complex coordinates, (3.1) becomes
.
(3.4)
Since A z is the derivative with respect to Az and it acts on everything on its right, expanding this path ordered exponential leads to a very difficult calculation. To avoid this, instead of using the usual definition of the Wilson loop, we would like to use a Wilson loop-like observable defined as
where A z is given by ∂ z Az − ∂zA z + [A z , Az] = 0. Since F zz = 0 from the Gauss' law, replacing A z with A z does not change the general properties of the Wilson loop; on the constraint hypersurface they are equal. But U is defined to be path independent, so it seems like skein relations are trivially satisfied. However, this is not true since the path independence is only on Σ, because we are forcing flatness only on the zz component of the curvature. So, one is allowed to make small deformations in the time direction, piercing Σ to get skein relations.
In the previous section, we have shown that the theory is given by the action S W ZW (H), thus we can use gauge invariant WZW currents Jz = −∂zHH −1 and J z = H −1 ∂ z H to write gauge invariant observables like Wilson loops [26] . The gauge fields in W R (C) can be written as SL(N, C) transformed WZW currents,
Thus, we can write W in terms of H
The expectation value of W is given by
4 Topologically Massive Yang-Mills Theory TMYM action is given by
Here m is called the topological mass. Our definition of topological mass differs by a factor k 4π compared to the literature. We made this choice so that studying different values of k does not change the balance of the theory in either pure YM or pure CS direction. That is decided only by the value of m. With this choice of constants, the equations of motion are k free, as
To simplify the notation, we definẽ
HereÃ is not a field redefinition. It is just a shorthand notation to make equations easy to compare with pure CS theory. From (4.3), it can be seen thatÃ µ transforms like a gauge field since F αβ is gauge covariant. For future convenience, usingÃ µ as a connection, we define a new covariant
Using complex coordinates and temporal gauge, the conjugate momenta are given byÃ,
and where
The conjugate momenta of TMYM theory transform like gauge fields and this feature gives the theory a CS-like behavior in some sense. The symplectic two-form for this theory is
From this equation, it can be seen that the TMYM phase space consists of two CS-like parts.
The Wave-Functional
We choose the Kähler polarization that makes ψ only Az andÃz dependent. The pre-quantum wave-functional is Φ[A z , Az,Ã z ,Ãz] = e We make an infinitesimal gauge transformation on ψ as
Using (4.8) and δA
The generator of infinitesimal gauge transformations for this theory is
F zz being the generator for the pure CS theory as E-fields go to zero. After applying the Gauss' law G a ψ = 0, δ ψ becomes
This equation is similar to (2.12). As they transform identically,Ã can be parametrized the same way as A, using a different SL(N,C) matrixŨ ,
The solution for the condition (4.12) is
where χ is the gauge invariant part of ψ that is required to satisfy the Schrodinger's equation. Notice that (4.14) reduces to CS wave-functional (2.13) as expected, when topological mass approaches infinity, which is equivalent to dropping the tilde symbol. χ should be equal to one in this limit.
To understand the role of the newŨ matrix, we can relate it to U by rewriting (4.5) as
It turns out thatŨ is well behaved and solvable. Using the assumptionŨ = U M , we can solve (4.15) for M , viz;
Here F 0z = U −1 F 0z U and it is gauge invariant. With this new gauge invariant matrix M , the electric field components can be written as
The Hamiltonian
With no charges present, the Hamiltonian gets no contribution from the CS term in the temporal gauge. With α = π k , B = ik 2π F zz and using Euclidean metric, the Hamiltonian is
Using (4.8) we get
which gives the commutator
Here, E a z can be interpreted as an annihilation operator and E b z as a creation operator [14] . To get rid of the infinity, the Hamiltonian has to be normal ordered as
To simplify the notation we define With defining
The magnetic field acting on ψ is The vacuum wave-functional is given by Hψ 0 = 0, or
The first term in (4.27) is second order in 1/m, while the Gauss' law forces the second term to be fourth order. We will continue our analysis with finite large values of m where the potential energy term is negligible. Then, E a z annihilates the vacuum, E a z ψ 0 = 0. This condition is solved by writing
This solution is gauge invariant as required. In terms of SL(N, C) matrices, it is a function of just the gauge invariant matrix M , which was defined in (4.16),
The Measure
Using the symplectic two-form (4.7) we write the metric
(4.30)
Similar to the analysis in subsection 2.2, the gauge invariant measure for this case is
where, for a certain choice of local counter terms ( T r(ÃzA z +Ã z Az)),
Here we use the direct sum representation since the space of gauge potentials is doubled with the additional tilde-fields, hence instead of c A we writec A which is equal to 2c A . To simplify the notation we define a new matrix N =Ũ † U . SinceŨ transforms like U , N is gauge invariant. With this definition the measure becomes
To find the inner product, using PW identity we write
and from (4.28) χ * 0 χ 0 (for large m) is
Then the inner product for the vacuum state is
, we can neglect the second and higher order contributions at large scales compared to 1/m, which leads to an almost topological theory in the near CS limit as
Here the label T M Y M k means that the inner product is calculated for TMYM theory with CS level number k. Similarly, CS k/2 means the inner product is calculated for pure CS theory with level k/2. On the pure CS side, it is important to make this replacement of the level number to make the equivalence work. This equivalence at large distances (d > 1/m) comes from the fact that the phase space of TMYM theory is a direct sum of two CS-like phase spaces. Thus, the classical equivalence discussed in refs. [17, 18, 27] does not work at the quantum level as it is, because of different phase space dimensionality of two theories.
In (4.31), gauge invariance can be obtained in a different way by choosing other counter terms. Choosing T r(AzA z +Ã zÃz ) leads to
With this option e −K ψ * ψ part differs by e − E 2 = 1 + O(1/m 2 ) and the inner product can still be written in the form
(4.39)
Thus, the CS splitting can still be observed in the near CS limit. Just like N and N † , H andH are elements of SL(N, C)/SU (N ). However, the N , N † seems to be a more natural choice than H, H because tilde and non-tilde variables are mixed in (4.7).
Topologically Massive Gravity
There is an analogous CS splitting in topologically massive AdS gravity that can be seen clearly in refs. [28] [29] [30] . For a dynamical metric γ µν , this model has the action
With defining
where e µ a is the dreibein and ω µ a b [e] is the torsion-free spin connection, the action (5.1) can be written as
The main difference between this gravity model and TMYM theory is that the latter has a mass gap, therefore it is topological only at large distances. Thus, TMYM theory is analogous to this model only in the near CS limit. In this analogy, small µ corresponds to large m. In the near CS limit, the gravity theory splits into two CS parts that are added together, each with half the level, similar to what we have observed for TMYM theory.
Wilson Loops in TMYM Theory
With the new gauge fieldÃ, we would like to define a new loop operator
Just as the traditional Wilson loop, this operator is gauge invariant and it is an observable of the theory. To make a physical interpretation of this loop, we will check to see if it satisfies a 't Hooftlike algebra with the Wilson loop. To simplify the calculation, we will look at the abelian case with the following loops that live on Σ
and
For the abelian case, the canonical relations differ from (4.8) by a factor of 2. Then two loop operators satisfy a 't Hooft-like algebra
where l(C 1 , C 2 ) is the intersection number of C 1 and C 2 , which can only take values 0, ±1. We cannot get a Dirac-like quantization condition since k appears in the denominator and we want it to be a large integer to make the skein relations work. Therefore, the only option to make these operators commute is to have l(C 1 , C 2 ) = 0 thus, two loops cannot share a point. Equation (6.3) lets us to interpret T (C) as a 't Hooft-like loop for TMYM theory. Working with the holomorphic polarization leads to the same problem we had in the pure CS case. A z andÃ z are derivatives with respect toÃz and Az. This makes the path ordered exponential very complicated. To avoid this problem, we use a similar technique: Instead of using the traditional Wilson loop, we will calculate the expectation value of two loop operators that we define by T r U (x, x, C) and T rŨ (x, x, C) or Once again these can be written in terms of WZW currents −∂zN
These WZW currents are SL(N, C) transformed A andÃ fields, just like in (3.6).
There is an interesting expectation value that we can calculate;
This leads to an equivalence between the observables of CS and TMYM theory in the near CS limit. W R (C) being only N dependent and T R (C) being only N † dependent lets us to write
To generalize these for n loops, we can write
10)
and for mixed n Wilson-like and m 't Hooft-like loops,
(6.12)
It seems like this set of equivalences also work for the case where Σ = S 1 × S 1 . On a torus, similar to (2.24) TMYM wave-functional becomes
On the TMYM side, one needs to integrate over V,Ṽ , a,ã and on the CS side only over V and a.
Although it requires a more careful analysis, (6.10),(6.11) and (6.12) seem to work on a torus as well. In principle, there is no reason to expect it to not work on any orientable Σ.
Conclusion
We have shown that due to the existence of a mass gap, TMYM theory in the near CS limit is an almost topological field theory that consists of two copies of CS, similar to the topologically massive AdS gravity model. One copy is associated with the matrix N and the other with N † , each with half the level of the original CS term in the TMYM Lagrangian. In the m → ∞ limit, these two CS theories add up to give one CS with the original level number k. It seems that this limit is delicate for the quantum theory as compared to the classical theory. Studying large values of m does not cause any problem, but taking it to infinity reduces the phase space dimension from four to two, thus a change in the integral measure becomes necessary. Except for this phase space reduction, dropping the tilde symbol gives the correct CS limit in our calculations. At this point it is important to change back from the direct sum representation. Therefore, the tilde symbol onc A also needs to be dropped. In this limit, N = N † = H. This makes a duplicate integration over H and one of the two needs to be dropped. This point distinguishes our approach from other approaches in the literature, on taking the m → ∞ limit. A different problem exists for the pure YM limit m → 0. In this case, dimensionality of the phase space does not change, but since E-fields do not gauge transform likeÃ fields, our parametrization and measure do not work. But the main problem with studying the pure YM limit comes from not knowing the magnetic field contribution in the wave-functional, which becomes the dominant part in this limit. To get the magnetic field contribution, (4.27) needs to be fully solved without using the strong coupling limit.
Both of the limits we discussed above cause some problems. It seems that transition from pure CS to TMYM or pure YM to TMYM is not smooth as one would hope, because of different phase space geometries. From (4.37), we have learned that transition from pure CS to TMYM requires splitting of CS into two pieces with half the level. This could have interesting applications in condensed matter physics.
At the end of our calculations, by writing (6.10), (6.11) and (6.12), we showed that loop operator expectation values of CS and TMYM theories are related at large distances. The equivalence tells us that expectation values of both Wilson loops and 't Hooft loops in TMYM theory are equal to CS WLEVs, up to a change in the level number. A more interesting result is that the expectation value of the product of these loops in TMYM theory is equal to the product of WLEVs in CS theory. These results show that not only in the pure CS limit but also in the near CS limit, the observables of TMYM theory are link invariants. Both Wilson loops and 't Hooft loops can separately form links that satisfy the skein relation (3.2), but a mixed link of these loops does not, even though it is still a link invariant.
One final important point is that taking k to be a large integer does not seem to cause any problems in obtaining a topological theory at large distances. This indicates that having a large level number does not alter the existence of the mass gap in TMYM theory.
